Heun-type exact solutions emerge for both the radial and the angular equations for the case of a scalar particle coupled to the zero mass limit of both the Kerr and Kerr-(anti)de-Sitter spacetime. Since any type D metric has Heun-type solutions, it is interesting that this property is retained in the zero mass case. This work further refutes the claims that M going to zero limit of the Kerr metric is both locally and globally the same as the Minkowski metric.
Introduction
In a very interesting recent paper [1] , Gibbons and Volkov studied the zero mass limit of the Kerr [2] metric to show that the zero mass limit of this metric is a wormhole, and is not just the Minkowski space metric as stated by some authors (see for example [3, 4] ). This Gibbons-Volkov paper is a continuation of research where they showed that similar behavior exists in many other metrics, namely Schwarzschild [5] and Weyl metrics [6] . They also show that the Klein-Gordon equation, in in spheroidal coordinates, written in the background of the Kerr-(anti) de Sitter metric, allows seperation of variables, resulting in two equations for the radial and angular(θ) variables. Here we obtain the exact solutions of the wave equation of a scalar particle with mass µ in the background of these metrics.
Limit of the Kerr metric
In the first paper cited above [1] , they first write the Minkowski metric in cylindrical coordinates
and then transform to oblate spheroidal coordinates,
In the transformation to oblate spheroidal coordinates, ρ = (r 2 + a 2 ) 1/2 sin θ, z = r cos θ, ρ is not the same coordinate as used in the cylindrical coordinates.
The authors of [1] note that "the Jacobean of the second transformation is zero for ρ = x 2 +y 2 = a 2 , z = 0, which is a ring of radius a in the equatorial plane" [1] . Gibbons et al [1] state that one obtains the metric given above in terms of the oblate spheroidal coordinates also in the zero mass limit of the Kerr spacetime [7] . One can separate the variables in spheroidal coordinates by assuming a solution of the form Φ = e iωt+imφ F (r)G(θ). Then the Klein-Gordon equation reduces to radial and angular equations:
The independent variable r appears in the radial equation with even powers. Thus any solution which is valid for positive r is also valid for its negative values.
For the angular variable θ, we make the transformation x = cos 2 θ which changes the angular equation to
This equation has a solution in terms of a confluent Heun function (H C ) multiplied by some expressions with powers [8] [9] [10] [11] 
where the parameters of the confluent Heun function are given by
Here we used the form of the confluent Heun equation given by Fiziev [12, 13] . After expressing G by a function H multiplied by the terms given above, we matched the resulting equation for H C to the form below.
with solution H C (α, β, γ, δ, η, z), and the parameters δ and η are given by the relations
The regular singular points are at x = 0, 1 and the irregular singular point is at infinity.
We think to obtain a confluent Heun solution even at the limit when M goes to zero is interesting, since it is known that the wave equation in the background of the Kerr metric results in a confluent Heun solution [14] [15] [16] [17] . Here we see that this characteristic is retained in the mass going to zero limit.
We also tried to see if there are polynomial solutions which are analytic at both of the regular singularities in this case of the confluent Heun equation. One of the criteria to have such a solution is given in [18, 19] which requires the parameter α not equal to zero, which is not true in our case. Our solution is analytic only in a space where the z-axis is excised. This validates the result of the Gibbons and Volkov paper [1] .
We were surprised to find that if we make the variable transformation u = −r 2 /a 2 , we get exactly the same expression for the radial equation, given above, as the angular equation.
The solution is exactly the same with the appropriate variable change. Now the singularity at u = 1 is not represented on the real space. Here we explicitly see the square root cut at r = 0, which is ρ = a, as noted by Gibbons and Volkov [1] , which increases the range of the angle φ two fold, verifying their result.
Limit in the Kerr-de Sitter metric
At the end of the first paper cited above, Gibbons and Volkov also give an example of a scalar particle coupled to the wave equation obtained in the zero mass limit of the Kerr-(anti)de Sitter (Kerr-(A)dS) spacetime [7] . They can separate the variables in spheroidal coordinates by assuming a solution of the form Φ = e iωt+imφ F (r)G(θ). Then the radial and angular parts of the Klein-Gordon equation reduce to
Here 3 . The independent variable r appears in the radial equation with even powers. Thus any solution which is valid for positive r is also valid for its negative values.
For the angular variable θ, we again make the transformation x = cos 2 θ which changes this equation to
dG(x) dx
This equation has a solution in terms of a general Heun function (H G ) multiplied by some expressions with powers [8] [9] [10] [11] 
where the parameters of the general Heun function are given by
Here we matched the parameters to the standard Heun equation [20] 
This equation has also the constraint α + β + 1 = γ + δ + ǫ on the parameters if we want the behavior at infinity as z −α or z −β plus terms with higher powers of 1/z. In our case the singular point at x = − 3 a 2 Λ is only for imaginary values of the variable cos θ, which is not in physical domain of interest.
We think finding again a Heun type solution is interesting, since it is known that any wave equation in the background of a type D metric results in a Heun class solution [14] [15] [16] [17] .
Here we see that again this characteristic is retained in the mass going to zero limit.
We also tried to see if there are polynomial solutions to have a Heun solution which is analytic at both of the remaining singularities, at x = 0 and x = 1. The criteria to have such a solution are given by Arscott [21] . we see that we cannot satisfy these conditions even if we set the mass of the scalar particle µ equal to zero. Our solution is analytic only in a space where the z-axis is excised. This validates the result of the Gibbons and Volkov paper [1] .
We also found that if we make the variable transformation u = −r 2 /a 2 , we again get exactly the same expression for the radial equation, given above, as the angular equation. The solution is exactly the same with the appropriate variable change. Now the singularity at u = 1 is not represented on the real space. Here we explicitly see the square root cut at r = 0 noted by Gibbons and Volkov [1] , which increases the range of the angle φ two fold, verifying their result. For the radial equation the singularity at u = −r 2 /a 2 = − 3 a 2 Λ is in the physical domain, and corresponds to the event horizon singularity.
We changed our variable to v = u + 3 a 2 Λ and investigated the behavior beyond the event horizon. The equation reads 
The solution of this equation is very similar to the one given above. We get another Heun type solution.
Conclusion
Here, we verify the results of the Gibbons and Volkov paper [1] by solving the wave equation for a scalar particle in the M going to zero limit of both the Kerr and Kerr-(anti)de Sitter metrics. Using the properties of the solution of the scalar wave equation, we show that the zero mass limit of Kerr spacetime indeed is not just a Minkowski space. The non analyticity (square root cut) and excising of the z-axis are evidences of the fact that globally this space is different from the Minkowski space.
